Abstract: We describe a sequential operation approach for a three-sided pyramid wavefront sensor (PWFS) based on a micromirror array with hexagonal geometry. The geometrical optics analysis and numerical simulations show that a linear relationship exists between the signals calculated by the sensing data and the local tilt of the wavefront. We discuss the selection of parameter index that is used in our experiment and build a closed-loop system with this wavefront sensor and a 21-element deformable mirror as a wavefront corrector. The experimental results confirm the feasibility of using a nonmodulated sequential three-sided PWFS in adaptive optics systems.
Introduction
The wavefront sensor is one of the main components of adaptive optics (AO) systems used for detecting wavefront aberration [1] , [2] . The pyramid wavefront sensor (PWFS), which was proposed by Ragazzoni in 1996, represents a development upon the Foucault knife-edge test [3] and is best understood in the context of geometrical optics [4] . Owing to its advantages of high sensitivity during closed-loop operation, impressive variable gain, and adjustable sampling in real time, the PWFS has been successfully used in AO systems for large astronomical telescopes and in vision science. The PWFS has been used not only to image astronomical objects [5] , [6] but to measure the differential piston of mirror segments, segment tip, and tilt [7] , [8] as well. In the context of vision science, the improved performance of AO systems that use the PWFS has been demonstrated [9] . A new wavefront sensor based on a pyramidal arrangement, which can measure the wavefront aberration of the human eye with an extended source, has also been described [10] .
Clare has investigated the pyramidal prism that subdivides the complex field at the origin of the focal plane into N equal segments [11] . With a roof prism (meaning that N ¼ 2), we can only obtain information concerning aberrations in the horizontal or vertical directions [12] . Therefore, a pyramidal prism with at least three sides is required in order to distinguish information from both dimensions [13] , [14] .
The reflective pyramid sensor proposed by Wang [15] utilizes a reflective pyramid mirror instead of a refractive pyramid prism. More specifically, the reflective pyramid sensor is based on a parallel method of conventional pyramid, and its working principle is identical to that of the PWFS. Meanwhile, four charge-coupled devices (CCDs) and four relay lenses are required in a reflective pyramid sensor.
In this paper, we describe a wavefront sensor that uses a commercial micromirror array with hexagonal geometry. This can be regarded as a sequential operation approach for the three-sided pyramid wavefront sensor (STPWFS). Our analysis demonstrates the various advantages of the STPWFS. First, owing to the use of a reflective element for the prism (instead of a refractive element), the STPWFS can be applied to a broadband optical system easily and without a specific achromatic design (whereas such a design is necessary for a refractive element). Second, the STPWFS can provide a simplified optical relay from the pyramid element to the wavefront system camera. In the conventional pyramid sensor, four images must be relayed; therefore, the lens system quality must be better and cover a wider field of view. By way of contrast, only one image must be relayed in STPWFS. Third, the detection element in the STPWFS, which has one fourth the number of pixels in the PWFS, can realize the same wavefront resolution. This leads to higher uniformity of sensitivity and lower cost, especially for the APD array. We have previously reported on theoretical and numerical analyses of the sequential pyramid wavefront sensor [16] . Various advantages are described in that study; for instance, an AO system with a micromirror array as its wavefront sensor has a weaker diffraction effect and a smoother light energy distribution compared with the PWFS. This manuscript reports on further developments in this line of thought, especially with regard to the experimental STPWFS with a hexagonal micromirror array.
In the next section, we describe the geometrical optics analysis and numerical simulations. The signals calculated by the sensing data change along with the local tilt of the wavefront. We obtain the wavefront slope when the local tip-tilt of the wavefront is far less than the radius of the modulated ray path. In Section 3, we show the characterization of STPWFS, and discuss the selection of parameter index that is used in our experiment. In Section 4, an AO system with the non-modulated STPWFS as its wavefront sensor and a 21-element deformable mirror as its wavefront corrector is built in the laboratory. The experimental results confirm the feasibility of using a non-modulated STPWFS in the AO system. To the best of our knowledge, this represents the first experimental results report of the sequential pyramid wavefront sensor. In the final section of the paper, we discuss some future studies related to these results.
Geometrical Optics Analysis

STPWFS Model
The STPWFS includes two lenses (L1 and L2) and a micromirror array, which consists of at least three hexagonal mirrors; a schematic diagram is shown in Fig. 1(a) . The micromirror array, which is the main component of the STPWFS, is placed on the focal plane of L1, and the intersection of the three mirrors lies at the focal point. The STPWFS divides one wavefront sensing cycle into three steps, and one third of the micromirror array tilts during each step. This is illustrated in Fig. 1(b) , wherein the dark hexagonal mirror represents the tilted mirror. In other words, two thirds of the light that comes from the array will be detected, while the remainder is discarded.
In order to achieve the adjustable dynamic range, it needs modulation by moving the micromirror via physical adjustments, or by using beam steering optics to control the beam dynamically. The analysis in Section 2.2 applies to both of these approaches. A modulated ray path is illustrated in Fig. 1(c Assuming the incident wavefront is aberrated in Fig. 2 , if the ray originates from a generic point T ðu 0 ; v 0 Þ, it does not reach the focus plane in the nominal focus point but Oðx 0 ; y 0 Þ, and reach point Dðm 0 ; n 0 Þ in the detection plane. The u and v are the coordinates on the pupil plane, x and y are the coordinates on the focal plane, m and n are the coordinates on the detection plane. If only a small region around of T pupil plane is taken into consideration, the small wavefront can be regarded as a plane wave. We analyze the relationship between the output data of D and the local tilt of T as follows.
We simplify the principle of modulated STPWFS for geometrical optics calculations; this is illustrated in Fig. 3 . The modulated path in this case is a circle; the radius is r , and we set the origin ðOÞ in the center of the circle; x and y are the coordinates on the focal plane. Furthermore, O is the simplified Oðx 0 ; y 0 Þ in Fig. 2 . The intersection of the three mirrors is labeled as Pðx a ; y a Þ, where x a and y a are proportional to the local tip-tilt of T ðu 0 ; v 0 Þ in Fig. 2 . Area 1, Area 2, and Area 3 correspond to the tilted mirrors in Steps 1-3, respectively. We can construct the points, P 1 ðxp 1 ; yp 1 Þ, P 2 ðxp 2 ; yp 2 Þ, and P 3 ðxp 3 ; yp 3 Þ at the edges and the modulated path. The signals D 12 , D 23 , and D 13 can be defined as follows:
where I 1 , I 2 , and I 3 are the intensities of the image on the detection plane during Steps 1-3, respectively (see Fig. 1(b) ).
It is interesting to note that during any sensing step, light travels along the modulated ray path as a circle, and I 1 is proportional to the difference between the circumference of the circle and the arc length of P 1 P 3 (clockwise). This means that the light that comes from the tilted mirror is discarded. Furthermore, in (4), shown below, ffP 1 OP 3 indicates the angle between OP 1 and OP 3 , where I 0 is a constant:
The key to realizing the relationship between D 12 , D 23 , D 13 and the local tip-tilt of the wavefront, is obtaining the expressions of the coordinates ðxp 1 ; yp 1 Þ, ðxp 2 ; yp 2 Þ, and ðxp 3 ; yp 3 Þ. We can compute them as follows:
In this paper, we explain how to obtain (12) as an example, and that the same procedure can be used to obtain any one of (9)- (12) . This approach is based on purely geometrical considerations.
In the case of that x a and y a are close to zero and far smaller than r , (7)- (12) can be transformed into a clear form
We substitute (13)- (18) into (4)- (6), and the results are given by
As the arcsin function in (19)-(21) has the second derivative near zero, we calculate the twodimensional Taylor expansion of them and ignore the higher-order terms. The results can be expressed by the functions
We then substitute the expressions for I 1 , I 2 , and I 3 into (1)-(3). After simplification, the signals D 12 , D 23 , and D 13 can be written as follows:
Obviously, the signals have an approximately linear relationship with x a and y a . This means that we can accomplish wavefront reconstruction using (1)-(3). In conclusion, the signals calculated by the output data of the STPWFS are proportional to the local tilt of the wavefront.
Let us go back to (7 13 . To the best of our knowledge, they are the most realistic approach.
where
In Section 2.3, the accuracy of approximation between (25)- (27) and (28)- (30) is discussed with the numerical method.
Numerical Simulation
Simulation parameters were selected as follows. The incident wavefront of the STPWFS was a plane wave without distortion. The values of x and y ranged from −0.1 to 0.1 with a step of 0.001. It indicates the incident wavefront has 201 Â 201 pixels. Finally, the value of r was 1.
The simulation data obtained using (25)-(27) are shown in Fig. 4 . Furthermore, the extrema are ±0.0355, ±0.0358, and ±0.0358.
Additionally, The simulation data obtained using (28)-(30) are shown in Fig. 5 . The extrema are ±0.0356, ±0.0359, and ±0.0359.
In order to show the difference between the data with/without the approximation, we performed a quantitative analysis. We normalized the simulation data with the approximation (see Fig. 4 ) and without the approximation (see Fig. 5 ). Fig. 6 shows the difference between the two sets of data. From these results, we can conclude that the differences are small. The extrema are ±0.62%, ±0.54%, and ±0.54%. The differences between the two sets of data change as the distance from the center changes. As the distance decreases, the difference decreases; the value at the center is almost zero.
Implementation and Characterization
In this section, we discuss the various characteristics of the STPWFS.
The micromirror array we used was provided by Iris Corporation, and contained 37 element mirrors with hexagonal geometry. Each element can be tilted in the horizontal and vertical directions, as shown in Fig. 7(b) . According to the working principles of the STPWFS, the entire surface of the micromirror array should be segmented into three identical parts, as indicated by the dashed line in Fig. 7(a) . However, a more realistic segmentation was performed along the broken line owing to the hexagonal geometry. In this paper, we aim to report the experimental results of this approach, and thus the strict and complex analysis using diffraction theory will be discussed in future studies. Area 1, Area 2, and Area 3 indicate the tilted mirrors in Step 1, Step 2, and Step 3, respectively.
The selection of parameter index that is used in our experiment is discussed in the following. For the purpose of simplicity, the STPWFS sensing ray path is divided into two parts-namely, before reflection (see Fig. 8(a) ) and after reflection (see Fig. 8(b) ).
In Fig. 8(a) , the value of F # , which is the F number of Lens 1, is equal to the quotient of f 1 and d (see (31)), where d is the diameter of the input pupil, and f 1 is the focal length of Lens 1. In addition, the numerical aperture ðNAÞ is defined as the sine of one half the aperture angle ðÞ, which is the quotient of d and f 1 when the angle is small [see (32) below]:
In order to obviously distinguish the two images on the detection plane in Fig. 8(b) , the value of , which is determined by the tilt angle of the micromirror, should be larger than half the value of , which is equal to the reciprocal of
Briefly, the limitation of F # is determined by the tilt angle of the micromirror. The value of F # will decrease as the tilt angle increases. As a result, the size of the light spot on the surface of the micromirror will become smaller, and the dynamic range will become larger. Thus, we aim to make the tilt angle of the micromirror as large as possible. Furthermore, a large tilt angle is accompanied by a long response time; this influences the operating frequency of the STPWFS, which is one of the important indices of sensing capability. In addition, the tilt angles of the micromirrors we used were limited at ±5 mrad; thus the maximum value of was 5 mrad, and the value of could not be more than 10 mrad, which means that the smallest F # value was 100. Furthermore, for the AO system that we built, the d value was approximately 3 mm, and the f 1 value was 50 cm. Therefore, the F # value was approximately 167. Additionally, the response time of this micromirror was several milliseconds, whereas a faster AO system requires the response time to be on the order of ten microseconds. Accordingly, in order to use STPWFS in a faster AO system, the micromirror array that will be used in future experiments must have a response time on the order of 10 s for a tilt angle larger than 5 mrad.
Experiment
In [17] , it is shown that a PWFS without any modulation holds many advantages and can be used in the closed-loop AO system. The non-modulated version has better sensitivity higher gain in magnitude, and the simplified optical configuration than ones with modulation. Furthermore, we have planned some further experiments, such as the AO system with dynamic aberration and the application of STPWFS in the optical microscopy. They are all planned with non-modulated STPWFS. Therefore, we adopted the non-modulated STPWFS in the following experiment. Fig. 9 shows a photograph of the laboratory setup we used to obtain the experimental data. The optical path is marked with a red line. Illumination was provided by the fiber source of a 632.8 nm laser beam. The deformable mirror (DM) had a surface diameter of 50 mm, as well as 21 piezoelectric ceramic actuators. The 21 actuators were arranged in a 5 Â 5 square, with an actuator missing at each corner. The spacing between actuators was 9 mm (both horizontally and vertically) (see Fig. 10 ). The voltage ranged from 0 to 110 V. The measurement ranged from À5 m to 5 m. And the position of actuator when the voltage is 55 V was labeled as 0 m [18] .
In Fig. 9 L3 and L4 correspond to Lens 1 and Lens 2 in Fig. 8 ; their focal lengths were 50 cm and 30 cm, respectively. The focal plane camera and detection plane camera were provided by Imaging Source Corporation. The highest resolution was 1280 Â 960, and the fastest frame rate was 60 fps. The pixel size was 3:75 m Â 3:75 m, and we used a USB 3.0 interface.
The Shack-Hartmann wavefront sensor (SHWFS) was adopted to monitor the state of the DM for reference and to calculate the RMS value of the incident wavefront. The SHWFS has 37 subapertures in a 7 Â 7 square, with three subapertures missing at each corner, which is determined by the aperture (i.e., the red circle in Fig. 11(a) ). We can calculate the focal tilt in every subaperture and reconstruct the wavefront (see Fig. 11(b) ). We then obtain the RMS value. We performed a data binning operation on the pixel gray value for the purpose of accuracy and to simplify the computation. Owing to the aperture, the image collected by image plane camera was cut into 329 Â 329 pixels. Each group of 47 Â 47 pixels was regarded as one large element, whose value represented the accumulation of the underlying 2209 pixels. An illustration is shown in Fig. 12 . The new image had 7 Â 7 elements, which was equivalent to the number of subapertures in the STPWFS being 7 Â 7; this resulted in 37 useful elements (i.e., the squares with blue shading in Fig. 12 ) that were determined by the aperture (i.e., the red circle in Fig. 12) .
It has been shown that the wavefront response matrix can be obtained by measuring the real response of the wavefront sensor to the given aberrations [19] . We measure the output signals of the sensor when the different actuators of the DM are successively driven. These responses give the columns of the matrix. We then use the singular value decomposition method to inverse the matrix. The result is the wavefront response matrix. When the correction iteration works, the matrix multiplication results of the STPWFS output signals and the response matrix are the correction signals for the DM actuators.
For the experimental results in Fig. 13 , the RMS value of the incident wavefront was 0.462 (where ¼ 632:8 nm), which was measured by the SHWFS. The distorted wavefront was obtained while the voltages of the DM actuators were 55 V. The images collected (before correction) by the detection plane camera with 329 Â 329 pixels each are shown in Fig. 13(a) . I 1 , I 2 , and I 3 were obtained during Steps 1-3, respectively (see Fig. 1(b) ). By using the binning pixel gray value and the (25)-(27), we calculate the signals-D 12 , D 23 , and D 13 -which are shown in Fig. 13(b) . Additionally, the intensity distribution on the focal plane is illustrated in Fig. 13(c) . The detection plane camera images, the calculated signals, and the intensity distribution obtained after the final correction are shown in Fig. 13(d)-(f) . The Strehl ratio calculated by the focal plane images is shown in Fig. 13(g) , the maximum of which is 0.749. From these results, we can conclude that the wavefront distortion will decrease as the number of iteration increases. In this manner, the quality of the image spot can be improved considerably.
For the experimental results in Fig. 14 , the RMS value of the incident wavefront measured by the SHWFS was 1.086, which is large for astronomical AO systems. The distorted wavefront was obtained while the voltages of the DM actuators were 56. These results show that the intensity distribution of the image on the focal plane is improved considerably after 20 iterations. We can conclude that the non-modulated STPWFS can work in a closed-loop AO system.
Conclusion and Future Work
In this study, a sequential operation approach for the three-sided pyramid wavefront sensor was described based on a micromirror array with hexagonal geometry. Geometrical optics calculations and numerical simulations have shown that the STPWFS exhibits a linear relationship between the signals calculated by the sensing data and the local tilt of the wavefront. We also utilized a realistic separation boundary for the micromirror array's surface, and discussed the selection of parameter index that used in our experiment. In order to use STPWFS in a faster AO system, the micromirror array that will be used in future experiments must have a response time on the order of ten microseconds for a tilt angle larger than 5 mrad. To the best of our knowledge, this study constitutes the first experimental results of STPWFS.
A closed-loop AO system with a non-modulated STPWFS as its wavefront sensor and a 21-element DM as its wavefront corrector was built in the laboratory. Our calculations utilized a data binning procedure for the pixel gray values. For RMS values of 0.462 and 1.086 for the incident wavefront (measured using a SHWFS), the comparison between the data before and after correction shows that the quality of the image spot is improved considerably and that the non-modulated STPWFS can work in a closed-loop AO system.
There are some salient advantages in using the STPWFS in an AO system, as compared to a refractive pyramidal prism. First, owing to the sequential operation approach, the detection element only needs to accommodate one pupil image, which means that no more than one fourth of the pixels can realize the same wavefront resolution, whereas the refractive prism has four sides. Second, the relay system design can be simplified, as only one image of the pupil needs to be relayed. By way of contrast, for the four-sided pyramid wavefront sensor, four images must be relayed from the refractive pyramid to the camera, and the lens system quality must be sufficiently high over a wider field of view. Third, a reflective mirror array will not introduce any chromatic dispersion if used in a broadband optical system, whereas achromatic design is necessary for the refractive element. However, the periodic arrangement of micromirrors would bring diffraction and gaps between mirrors would cause light loss, but the fill factor of micromirror array can be easily more than 95% based on the state of the art, which will mitigate these negative effects. On the whole, this paper verifies the feasibility of the micromirror's application in AO systems, which supplants the refractive prism as a wavefront sensor. We therefore hope that our study can aid in the development of micromirrors for use in AO systems.
It should be noted that some further studies are planned for 2016. For instance, the sensing feature of the STPWFS will be examined with wave optics, and the AO system with dynamic aberration will be implemented in the laboratory.
